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Abstract 



■ A class of four-dimensional static supersymmetric black hole solutions of ef- 

fective supergravity Lagrangian of IIA superstring compactified on T 6 is con- 
structed by explicitly solving Killing spinor equations (KSEs). These solutions 
ON ■ are dyonic black holes parametrized by four charges, with dilaton and diagonal 

internal metric components as the only non-zero scalar fields, and preserve g of 
N = 8 supersymmetry. The KSEs with only Neveu-Schwarz-Neveu-Schwarz 
charges relate spinors with opposite chirality from ten-dimensional view point, 
and have identical structures with KSEs of toroidally compactified heterotic 
string. We also find a solution with four Ramond-Ramond charges which 
is U-dual to the solution with four Neveu-Schwarz-Neveu-Schwarz charges, 
and corresponds to the intersecting D-brane configuration with two 2-branes 
and two 4-branes. A configuration with both Neveu-Schwarz-Neveu-Schwarz 
charges and Ramond-Ramond charges is also found. We show that the con- 
figurations T-dual to the above solutions are also solutions of the KSEs. The 
patterns of supersymmetry breaking are studied in detail. 



*E-mail address: klchan@cvetic.hep.upenn.edu 
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I. INTRODUCTION AND SUMMARY 



Supersymmetric black hole solutions with masses saturating the corresponding Bogo- 
mol'nyi bounds, i.e., BPS-saturated solutions of superstring theories, have been a subject 
of much research recently. Being non-perturbative in nature, it is important in understand- 
ing non-perturbative duality symmetries in string theory. In view of the non-perturbative 
nature of the proposed duality conjecturs [1]-[12], which led to the unifying treatment of all 
five superstring theories ( Type I, Type IIA, Type IIB, heterotic SO(32), heterotic E 8 x E$), 
i.e., each corresponds to a corner of the same underlying M-theory[13], the role of BPS- 
saturated solutions becomes crucial. Such BPS-saturated states can become massless in 
special region of moduli space which parametrizes the underlying string vacua [14]- [20], and 
thereby enhance gauge symmetry as well as supersymmetry. Another good reason for the 
study comes from the recent dramatic progress that has been made in the understanding 
of the microscopic origin of the black hole entropy [21]. The degeneracy of BPS-saturated 
states is shown to have clear connection with the statistical nature of the internal structures 
of black holes. 

The program of finding general spherically symmetric, static four-dimensional BPS- 
saturated black hole solutions of effective supergravity Lagrangian of heterotic string com- 
pactified on six torus has been completed [22]- [25]. In [22], the Killing spinor equations 
(KSEs) were solved, and a generating solution parametrized by four independent charges was 
constructed. A more general solution was obtained by performing S-duality and T-duality 
transformations on the generating solution. They were parametrized by 55 independent 
charges, i.e., 56 charges with one charge constraint. In [23], the generating solution was 
shown to be an exact solution (to all orders in world sheet expansion) of a string theory. 
It was further generalized in [24] to a generating solution with five independent charges, 
all of which were defined in two toroidally compactified directions. By performing duality 
transformations on this generating solution, one found the most general solution which was 
parametrized by 56 independent charges. 
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The purpose of this paper is to find static, spherically symmetric BPS-saturated black 
hole solutions of low energy effective IIA superstring theory on six-torus, by explicitly solving 
KSEs. We turn off all the scalar fields except dilaton and components of the diagonal 
internal metric. In [26], static, spherically symmetric BPS-saturated states parametrized by 
two charges were constructed. They correspond to the special cases when either the Kaluza- 
Klein fields or the three-form fields of the underlying N=l 11-dimensional supergravity are 
turned on, but not both. Here we find the more general configurations with both fields 
turned on. With this more general setting, we can explicitly show the embedding of the 
N = 4 supersymmetry of the toroidally compactified heterotic string within the N = 8 
supersymmetry of the toroidally compactified IIA superstring (when only Neveu-Schwarz- 
Neveu-Schwarz charges are non-zero). Moreover, we can find the BPS-saturated solutions 
with four Ramond-Ramond charges and those with both Ramond-Ramond charges and 
Neveu-Schwarz-Neveu-Schwarz charges. We can also study the pattern of supersymmetry 
breaking explicitly. 

We start with the N — 1 11-dimensional supergravity (SG) theory in Section II. We com- 
pactify this supergravity theory on a seven-torus, T 7 [27] [28], and obtain the corresponding 
effective four-dimensional action. Then we express the same four-dimensional action in terms 
of fields of IIA superstring compactified on a six-torus, T 6 . The four-dimensional fields of 
the toroidally compacified IIA superstring are obtained in two steps. We first compactify 
the 11-d SG on a circle, S 1 , and identify the resulting 10-d fields with the fields of IIA 
superstring in 10-d. Then we compactify the 10-d action of IIA superstring on T 6 . The 
field redefinition rules that relate the four-dimensional fields from SG on T 7 and that from 
IIA on T 6 are needed to get the KSEs of IIA superstring from the KSEs of SG, which are 
obtained straightforwardly by compactifying the transformation rule of the gravitino of SG 
in 11 dimensions down to four dimensions on a seven torus. 

We obtain the KSEs of the IIA superstring compactified on T 6 in Section III. We ex- 
press the supersymmetry transformation rules of the gravitinos and modulinos of the com- 
pactified SG in terms of four-dimensional fields, which are obtained by compactifying the 
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11 -dimensional SG on T 7 directly, at the beginning. Then in Section IIIA, we simplify the 
KSEs by turning off all scalar fields except the dilaton and the diagonal internal metric 
elements. We also assume spherical symmetry and time-independence. With the field re- 
definition rules derived in Section II, we find the KSEs of the toroidally compactified IIA 
superstring from the KSEs of the compactified SG in Section IIIB. These KSEs involve the 
charges from the Neveu-Schwarz-Neveu-Schwarz (NS-NS) sector and the Ramond-Ramond 
(RR) sector. There are two types of spinors originating from the two 10-dimensional spinors 
with opposite chiralities associated with the N = 2 supersymmetry of the IIA superstring in 
10 dimensions. In Section IIIC, we study the spinor constraints, which determine the pat- 
terns of supersymmetry breaking. We put down a set of rules to assign a spinor constraint 
with each non-zero charge. In all the configurations studied in this paper, they are shown 
to be the only spinor constraints contained in the KSEs. 

In Section IV, we solve the KSEs of the toroidally compactified IIA superstring from 
Section III. Only the NS-NS charges are turned on in Section IVA. There are two sets of 
consistent KSEs, each one relates the spinors with opposite chiralities from 10-dimensional 
view point. The KSEs have identical structures with the toroidally compactified KSEs of 
heterotic string [22]. In Section IVB, we solve the KSEs with RR charges only. A solution 
with charges U-dual to the NS-NS charges of the configuration found in Secton IVA is 
explicitly obtained. It corresponds to the intersecting D-brane configuration with two D-2- 
branes and two D-4-branes in 10 dimensions. We show that the two configurations T-dual 
[37] to this solution are also solutions of the KSEs. The 10-dimensional interpretation of 
one of them is a configuration in which one D-0-brane is coupled to the intersection of three 
intersecting D-4-branes. The other configuration is a D-6-brane containing three intersecting 
D-2-branes. The classical configurations, composed of a large number of D-branes, obtained 
in this Section provides a consistency check of the D-brane intersection rules [36], which 
are defined microscopically, i.e., in terms of a few D-branes only. In Section IVC, we find 
solutions with both NS-NS charges and RR charges. The first solution that we explicitly 
obtain corresponds to a bound state of a D-2-brane, a D-4-brane, and a fundamental string 
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which lies on the intersection of the D-branes and carries a momentum, in a background 
with a magnetic monopole. We also show that the two configurations T-dual to the above 
configuration are also solutions of the KSEs. One of them corresponds to a bound state of a 
D-O-brane, a D-4-brane, a fundamental string which lies orthogonally to the D-4-brane and 
has a non-zero winding number, and a magnetic monopole, the gauge field of which associates 
with a toroidal direction orthogonal to both the D-4-brane and the fundamental string [47]. 
The other corresponds to a bound state of a D-6-brane, a D-2-brane, a solitonic 5-brane, 
and a fundamental string which lies on the intersection of the D-2-brane and the solitonic 
5-brane and carries a momentum [40] [48]. In all cases, the patterns of supersymmetry 
breaking are studied in detail. The BPS-saturated states with three to four charges preserve 
N — 1 supersymmetry, those with two charges preserve N = 2 supersymmetry, and those 
with one charge only preserve N = 4 supersymmetry. Spinor constraints allow no more 
than four non-zero charges for the BPS-saturated states, under our assumptions of time- 
independence, spherical symmetry, and with dilaton and diagonal internal metric elements 
as the only non-zero scalars fields. 

We make our conclusion in Section V. 

II. EFFECTIVE ACTION FROM 11-D SUPERGRAVITY ON T 7 IN IIA 

LANGUAGE 

In this section, we derive the field redefinition rules between the 4-d actions obtained 
from compactifying the N=l, d=ll SG on T 7 and that from N=2A, d=10 on T 6 . That can 
simplify the way to obtain KSEs of the compactified IIA superstring in Section III. Most 
material in this section has been described in [26] . This section is included here for the sake 
of completeness and for establishing notations. 

The field content of the N—l, d=ll SG consists of the following: Elfbein E M ^ A , gravitino 
\ an d the 3-form field ^mjvp- The bosonic Lagrangian density is [28] 

r— ZT'(ll) T'O (11) I L p(H) 77>(11) MNPQ § Mi— Mn T? T? A 1 (1\ 

L—--H, y '[K K ' + ~^ t MNPQ t ~ 12^ Mi-M^ M 5 -M s A.m 9 MioMu\, UJ 
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where = detE^p A , IZ^ is the 11-dimensional Ricci scalar, and ^mtvpq(= 
45[m^-tvpq]) * s the field strength associated with the 3-form field ^mnp- The metric sig- 
nature is (H ), and (A,B,...), (M,N,...) denote flat and curved indices in 11-d 

respectively. 

Dimensional reduction of the 11-d SG to 4-d on T 7 is achieved by the following KK 
Ansatz for the Elfbein and a consistent truncation of the other 11-d fields: 

V ef J 

where ip = lndete", and B l (i = 1,...,7) are KK Abelian gauge fields. Greek letters 
(a, (3, ■ ■ •) [(/i, v, ■ ■ •)] are for the 4-d space-time flat [curved] indices while latin letters 
(a, b, ■ ■ ■) [(i, j, ■ ■ •)] are for the internal flat [curved] space indices. The 3-form field A^ P is 
truncated into three different types of 4-d fields: 35 pseudo-scalars A^ 21 pseudo- vectors 
A^ij and 7 two- forms A^i. The two-forms A^i are equivalent to (axionic) scalar fields tp 1 
after making duality transformation. In order to ensure that the fields A^ij and A^i are 
scalars under the internal coordinate transformation x % — > x' 1 = x % + £ l , and transform as 
U(l) gauge fields under the gauge transformation: 5A^ P = BmCnp + 9nCpm + dpC,MN, we 
have to define new canonical 4-d fields: 

A'^ij = Aftij — B*Akij, A'^ ui = A^ wi — Bj^Aj^i — BlA^ji + B^B^Ajki. (3) 

The bosonic action (0) is then reduced to the following effective 4-d action: 

£ = -\e[7l - \d^V + \d,9i^9 ij - \# + \e*g ik g fl F* vij F^ M + ■■•], (4) 

where e = det e", and 71 is the 4-d Ricci scalar. The Einstein-frame 4-d metric = r^e^e^, 
and G^ u = d^Bl-d u B 1 ^ F* uij = F^^ + G^A^. The dots (• ■ ■) denotes the terms involving 
the pseudo-scalars A^ k and the two-form fields A^ ui . Here, = rj a be°;e b j = — e*e" is the 
internal metric and the curved space indices ...) are raised by g^ . 

The zero slope limit of IIA 10-d superstring theory can be obtained by dimensional 
reduction of 11-d SG on a circle S l [27], with the following triangular gauge form for the 



Elfbein E M 



(iiM. 



o 

where $ corresponds to the 10-d dilaton field in Neveu-Schwarz-Neveu-Schwarz (NS-NS) 
sector of the superstring theory, a is the Zehnbein in NS-NS sector, and Bp corresponds 
to a one-form in RR sector []. Here, the breve denotes the 10-d space-time vector index. And 
the 3-form A^np is decomposed into A^p and Ap#x\{= Aj&), with Appp being identified as 
a Ramond-Ramond (RR) 3-form and Ap$ the NS-NS 2-form. The 11-d bosonic action ([!]) 
becomes the following 10-d, N = 2 SG action: 

£ = C NS + £r, (6) 

with 

C NS = -±eWe~ 2 *[K + Ad^dH - l -F^% 

Til f\ 

^ c L^^M"^ T M^P* (12) W"/"4 M5— Ms-^WMloJ) VV 



where e^ 10 - 1 = det ej i 10 ' ) Q , 7?. is the 10-d string frame Ricci scalar, Fj&p = 39^^^, G 
2%^], = 4%A^j -AF^apB^, and = e^^ 1011 . The ferminoic sector in 10-d 

contains Majorana gravitino ipp and fermion ipu that come from the 11-d gravitino 
i.e., ipM = (ipfri ipii)- Each of these spinors can be splitted into two Majorana-Weyl spinors 
of two different chiralities. 

In order to obtain the effective 4-d action of the IIA superstring compactified on T 6 , we 
use the following KK Ansatz for the Zehnbein: 



e a m J 

where B™ (m = 1, 6) are Abelian KK gauge fields, is the string frame 4-d Vierbein and 
is the Sechsbein. In the following, we set all the other scalars, except those associated 



°/i /Li °m 



Therefore we are not assuming a diagonal 11-dimensional metric of the SG theory. 
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with the Sechsbein and the 10-d dilaton $, to zero 0. 

In this case, the string-frame 4-d bosonic action for IIA superstring is: 

Cu = ~ \e[e" 2(t> {n + Ad^4> + ±d,g mn d»g mn ~ \g m nG™G n » v - g mn F^mF^ n ) 

+ \e°G^ + \e°r n 9 pq F^ mp F^ nq l (9) 

where e = dete^, 20 = 2$ — lndete^ (parameterizing the string coupling), a = lndete^ 
(parameterizing the volume of 6-torus), g mn = T^e^e,^ = — e^e", and G™ = d^B™ — d u B™. 
Here, the field strengths F^ m , and F^ umn are defined in terms of the Abelian gauge 
fields decomposed from 10-d two-form Ap$, one-form Bp, and the three-form Appp fields, 
respectively. With the Weyl rescaling g^ v — > g E = e~ 2 ^g^, u , we obtain the Einstein-frame 
action: 

C n = - \e E [Tl E - 2d^dy + ^d,g mn d»g mn - ^e~ 2<t> g mn G™ u G n ^ - e - 2<t> g mn F^ m F^ n 
+ \e°G^ + \e°g mn 9 pq F» ump F^ nq ], (10) 

where e E = y— detgj^ and 1Z E is the 4-d Einstein-frame Ricci scalar defined in terms of the 
metric g E v . 

As we have turned off the scalar fields associated with the 10-d U(l) gauge field Bp, i.e., 
the internal metric coefficients g m j of 11-d SG, the 50(7) symmetry among the seven KK 
gauge fields and among the 21 3- form gauge fields, separately, breaks down to the 5*0(6) 
symmetry, which do not mix the gauge fields of RR and NS-NS sectors. The RR sector 
consists of one KK gauge field B^, which transforms as a singlet of SO(6), and fifteen 3- 
form U(l) gauge fields A^ mn , which transform as 15 antisymmetric representation of SO(6). 
The NS-NS sector consists of six KK gauge fields B™ and six 3-form U(l) gauge fields A Mn , 
each of them transform as a 6 vector representation of 50(6) Q. 

2 We turn off the scalar fields B m (m=4,...,9) associated with the 10-d U(l) gauge field Bp. These 
fields are related to the internal metric coefficients g m 7 (m = 1, • ■ ■ , 6) of 11-d SG. 

3 In order to have the full manifestation of the SO(7) symmetry of 11-d SG in the BH solutions 
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By keeping track of the field decomposition and redefinitions, and comparing the com- 
pactification Ansatze in the two schemes, i.e., one corresponding to 11-d — > 10-d — > 4-d and 
the other one corresponding to 11-d — > 4-d, wecan express the fields in the 4-d action of 
11-d SG in terms of those in IIA superstring, 

ryra fyra ry7 5 A A A A 

J^n \i i \i A" -f^imin ^i/imm S\p^rn7 "(imi V 11 / 

where m,n = 1, 6, flat indices are hatted, and the bar on Sechsbein is dropped. 

III. KILLING SPINOR EQUATIONS 

The supersymmetry transformation of the gravitino field ip M i n the N = 1 11-d theory 
(before compactification) in bosonic background is [28] 

5^ = D M e + ^(T NPQ M - 8T p ^)F NPQR e, (12) 

where Dm £ = (9m + \^mab^ AB ) £ is the gravitational covariant derivative on the spinor e, 
and Qabc = -&ab,c+&bc,a~&ca,b (&ab,c = e ^a E B] d N E Mc) is tne s P in connection 
defined in terms of the Elfbein. With the Elfbein in (|2|), the gravitino transformation ([12]) 
expressed in terms of 4-d canonical fields obtained by compactifying SG directly on T 7 are 

<% = d p e + ^u^^e - ^ri a[/3 e^d u ip^e + ^(e^e k - e l c d p e lb )~f bc e 

5^ = -~e%e fc6 + ele l b d p e lc )Y 5 l b e + ^fF, ul3l ^i\e - Vi^^Ve 

+\e £ g kn G n pal aP e (13) 

where 5ip p = Stp^ ~ B™Sip m , u; Mj g 7 is the spin-connection defined in terms of the Vierbein e p 
and [a ■ ■ ■ b] denotes antisymmetrization of the corresponding indices. For the 11-d gamma 



of IIA superstring, the scalar fields which are associated with the 10-d U{\) gauge field has to 
be included. 
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matrices, which satisfy the 50(1, 10) Clifford algebra {r A ,T' B } = 2r/ AB , we have used the 
following representation: 

T a = 7 a ® /, r a = 7 5 ® 7 a , (14) 

where {7°, 7^} = 2r) a)3 , {7 a ,7 b } = — 25 ab , I is the 8x8 identity matrix and 7 5 = 27°7 1 7 2 7 3 . 
The above representation (|14|) is compatible with the triangular gauge form @ (50(1, 10) — > 
50(1,3) x 50(7)) of the Elfbein. Multiple indices of the gamma matrices are antisym- 
metrized, e.g., = ^ a ^ l3 \ and the gamma matrices with curved indices are defined by 
multiplying with the Vierbein, e.g., 7 M = e^7 a . With the representation of the gamma 
matrices (fL4|) , the spinor index A of an 11-d spinor, e A , can be decomposed into A = (a, m), 
i.e., e A = e^ a ' m \ where a = 1, ...,4 is the spinor index for a four component 4-d spinor and 
m = 1, 8 is the index for the spinor representation of the group 50(7). 



The supersymmetry transformations of the gravitinos and modulinos given in (|T^) is a 
simple sum of the corresponding transformations from pure Kaluza-Klein sector, and pure 
3- form fields sector [26] . That is not surprising, as the effective Lagrangian (fj) (after setting 
Aij k and A^ vi to zero) is just a simple sum of the Ricci scalar, the kinetic energy of the scalar 
fields, and the kinetic energies of the two types of gauge fields, and contains no terms that 
describe any mixing between the two types of gauge fields. However, careful examination of 
the definitions of field strengths and tedious manipulation are required to verify explicitly 
the expected supersymmetry transformation rules. 

We evaluate the KSEs in the following subsections under the assumptions of time- 
independence and spherical symmetry, and with the dilaton and diagonal internal metric 
elements as the only non-zero scalar fields. In subsection IIIA, the KSEs are expressed in 
terms of fields obtained by reducing SG directly on T 7 . In subsection IIIB, the KSEs are 
expressed in terms of the fields from compactified IIA superstring. Then in subsection IIIC, 
we study the spinor constraints. 
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A. From SG perspective 



In this subsection, we express the Killing spinor equations in terms of 4- dimensional 
fields from the compactified N = 1 11-dimensional SG. With spherical symmetry, the 4-d 
space-time metric can be taken as 

g^dx^dx" = \{r)dt 2 - \-\r)dr 2 - R{r){d9 2 + sin 2 M</> 2 ). (15) 

Field strengths G 1 and for Kaluza-Klein U(l) gauge field and that from three-form 
fields, respectively, have the following non-zero components: 

G\ r = — — — -, = P*sin^, 



FtHj = 9lk9 ^ , F m = PijSmO, (16) 

where Qi (P 1 ) and Q u {P%j) are the physical electric (magnetic) charges 0. The internal 
metric, gij, is proportional to Sij by assumption. The supersymmetry transformations of the 
gravitinos and modulinos, (|13D , can thus be simplified and written as: 

% - (-P m =f *Q m ) e ul - ];RVx{\net)'l m e lu + 4( ±p « " *Q + ^P mi + iQ mi )f^ 

(17) 



^ v — i - -wnii/ - tit 2 ~ " * ' "v — Tn/ i _t « 1 ^2 v — ij — * 7 ' 77i_ 1 3 v 1 ~ "" v ' ' ' 



T A (A' - A^) e MZ - Q a %u + -(Py T 2iQ ij )l ij ei u = 0, (18) 
iVite* - ^V\(R' - Ry')e ul + \^^e lu + ^(-Q" T 2^)7^ = 0, (19) 
RV\d r e ul ± ^Qife lu + -^(T-Py + 2zCT) 7 ^ u = 0, (20) 



i 



To simplify our formulae, we have assumed that the internal metric and the dilaton approach 
unity and zero respectively as r — * do. This can always be done through manifest SL(7,R) 
symmetry and S-duality. 



(4'™ 4?) = e- 2e/2 e- 3 ^ 2 (a^(r), a^(r)), (21) 

where 

Q=p-2p m f) v> m — p^p m P 

Q™ = e^e^Q™ V mi = e^P™, (22) 
and E™ e are the upper (or lower) two components of the 4-d four- component spinor, e m , i.e., 



e 



(e^jSf 1 ), and a^(r) are the corresponding two-component spinors f] that depend 



on the radial coordinate r only []. The KSEs ( p0|) and fl2~T|) determine the radial and angular 
dependence of the spinors. As all information of the fields and the constraints on the spinors 
are contained in (|T7D to ([H]), we shall not elaborate equations (|20| ) and (^) any further 
(most of the above technical details were developed in [29] and [26]). 

Note that the gamma matrices in the KSEs only act on the index m, which is the index 
for the spinor representation of the group 150(7) used in reducing the spinor in 11-d SG on 
T 7 , (0). We have used explicit representation of the 4-d gamma matrices, corresponding to 
the spinor representation of the 4-d space-time Lorentz group, to write the KSEs in terms 
of relations between upper and lower components of the 4-d spinors. 



B. Prom II A perspective 

In order to rewrite the above KSEs, (|IT|)-(|T9|), in IIA language, we define the projection 
operators 



5 We also call the quantities, e™ and ef 1 , as two-component spinors. That only mean that they 
are the upper and lower two components of the 4-d spinors, e m , respectively. Actually, the 4-d 
spinors have to be Majorana (shown in the Appendix), therefore the upper and lower components 
do not have definite transformation properties under the 4-d Lorentz group. 

6 Note that we suppress the index m of the spinors in all the equations in this paper. 
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P + = \(l-il 7 ), P-^(l + 2 7 7 )> (23) 
and get the two projections from e, 

e = e + + e-, (24) 

where 

e + = P+e, £~ = P-e. (25) 

The two types of spinors, e m+ and £ m ~, originate from the two spinors associated with the 
N = 2 supersymmetry of the IIA superstring in 10 dimensions []. 

With (0), the SG charges defined in ( p2|) can be written in terms of charges from NS-NS 
sector and RR sector of the IIA superstring as 

Qi = a - - sjq rk , p* = a - 6j)p% K + sjpuk 

Q 13 = (1 - - 5])Q% F - (1 - 5l)5]Q? NF + (1 - 5])5]Qi NF 
P« = (1 - SJ)(1 - 5j)Pf + (1 - 6j)5]Pr - (1 - 6j)6jPf F (26) 

where 

QNK = e ^QNK^ Q RK = e -\a Q RK 

PW = e ^^Pnki Prk = z^Prk 

p nf = e-^p^ pgr ^ ( Kv;/>f (27) 

and iV, i?, K, F indicate that the charge is from NS-NS sector, RR sector, with Kaluza- 
Klein origin, and with 1-form, 3-form (in RR sector) or 2-form (in NS-NS sector) origin 



7 In the Appendix, we show that the chirality of a 10-d Majorana-Weyl spinor is labelled by the 
corresponding eigenvalue of 7 7 which only acts on the index m, when the 10-d Lorentz group is 
considered as a direct product of the 4-d Lorentz group and the 6-d rotation group. 
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respectively. The index, i, indicates that the charge is associated with the % th compactified 
dimension. From fll6l), G\ T — > — as #77 — > — 1 asymtotically. As = from (|li"D, 
and is defined to be the charge of the gauge field B^, i.e. G tr — > therefore, 

= —Q7. Similarly, Qf F = —Q t7 as F tri7 contains the extra factor, g 77 , compared with 
the definition of Q^p. No such flipping of signs are needed for the magnetic charges, as the 
internal metric is not involved in their definition. 

With equations flTTl) and (|26f) , we act P + , P_ on both sides of ([[7]) and get 0: 

1 r, 



- WA(lnet)'4z = ■= [(tQS* - <&) + < (-P^ T P£ F 



7"V« 



T Pf - iQgp) 7 <* + 2 (±p£f + zQ™ ) 7 ™ + ± zQ RK 



-in 



RV\{\neZ)'e- ul 



+- 



_ (tQS* + <&) + < (-p^ ± p^ f 

( T Pf - iQfc.) 7* + 2 (±p£f + iQ&) 7 ™ - P R k =F *Q 



7™4 



where m = 1,...6. From fo/^ = 0, 



-P«r T »Q**) + 5 (±Pf + <Q&) 7* J 



- z u 



4 (±^Pf F + Q/ 



JVF J 7 e Zu 



(28) 



WA(0 + l -aye7 al = \ 



-3 =F ^Q RK ) + \ (±Pf + iQgp) 7 y ' 

-1 (±iPr + Q%f) l l e 



*lu 



(29) 



With (p9|) , we can write (|18|), (|T9|), respectively, as 

i?v/A (In A + 20)' e + = (tQ? K + QW) 7*^ + \ 

1 r 



(±Pf - iQ<k.) 7 lJ + 2 (-Pfflf ± *Q 
i?v/A (In A + 20)' = ( T Q? K ~ Qn F ) 7*4 + J [(±Pf - iQgp) 7^' - 2 (-P** ± *Q fl 



8 We shall normalize the charges such that (Q NF , P NF ,Q RF , P RF ) -> ^(Qnf, P NF ,Qrf, P RF ), 
to make the equations more symmetrical. 
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rV\ (In A - 20)' s+ = i (PW T Pf F ) 7^ + i [(±Pf - »Q&) 7 y + 2 (-P RK ± *Q 
ih/A (In A - 20)' e5 = i (PW ± Pf F ) f4 + \ [(±Pf - iQ&) 7* - 2 (-Pj« ± *Q 



Therefore NS-NS charges relate spinors with different chiralities (from 10-d view point), 
while RR charges relate spinors with the same chirality. 

C. Spinor constraints 

We would like to state the spinor constraints associated with the charges in the KSEs 
in this subsection. The patterns of supersymmetry breaking are governed by the spinor 
constraints. Each spinor constraint reduces half of the spinor degree of freedom, leading 



to the breaking of half of the supersymmetry. From the KSEs, (28 ) to (|3T]), we see that 
we can associate a spinor constraint to each charge such that the consistency of the KSEs 
is guaranteed when only that charge is non-zero. For example, if only Q^ K is non-zero, 
there are two sets of consistent KSEs. One set relates with ef , with spinor constraint: 
V* £ t = l m£ I "> where = ±1. The other set relates e~ with ef , with spinor constraint: 

Here we collect all the eight spinor constraints associated with the eight different types 
of charges: 

Ql K -- ^ = 7\, Vie- = l m et, 
Q N J-- V2B+ = i m er, r) 2 e- = -j™e+, 



Q* F ■ %4 = V5 £ u = il ij£ i 
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Q RK ■ m^t = vr^Z = i£ T, 



P RK - met = -e+ meZ = sT. (32) 

where rji = ±1. The bosonic configurations in general depend on the 77s. 

In all of the configurations we considered in this paper (each has more than one charge), 
we find that explicit evaluation of the KSEs does give a spinor constraint associated with 
each non-zero charge, and the form of the constraint is precisely the same as in (^) []. 



IV. BPS CONFIGURATIONS 

In this section, we find explicit solutions to the KSEs. In Section IVA, only NS-NS 
charges are turned on, the RR charges are turned off. Then in Section IVB, only RR 
charges are turned on. In Section IVC, configurations with charges from both NS-NS and 
RR sectors are discussed. 



A. Neveu-Schwarz-Neveu-Schwarz sector 



With the RR charges set to zero, we find, from the KSEs flzq) - fl3T|), two sets of consistent 
KSEs relating the spinors: ef to e~, and e+ to ej . These two sets of KSEs can be written 
together as follows: 



Ry/\(ln 



1 



m 



(33) 



One interesting implication of these spinor constraints is that there is no static, spherically 
symmetric BPS-saturated configuration that contains both P RK and P NK , or both P RK and 
Q NF ', with all scalar fields vanish except the dilaton and the diagonal internal metric elements. 
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RVX (0 + \a) ' e ul = \ (-^Pf ± Qf F ) Ye lu (34) 

Ry/X (In A + 20)' e n/ = ± (t)*Q? k + Qf F ) fe lu (35) 

i?v/A (In A - 20)' £«, = i (Pf * + r/*Pf F ) f e,„, (36) 
where 77* = 1 when (e u , £j) = (e/",e~), and 77* = -1 when £j) = (e^",ef). Equation ( |3"4| ) 



originates from fl29[) when all RR charges are turned off. Therefore the two components of 
5ip7 with opposite chiralities from 10-d view point can be identified with the two dilatinos 
of the IIA superstring in 10 dimensions. 

The structure of this set of KSEs is identical to that of heterotic string [22]. Actually, 
we can reproduce the KSEs of the toroidally compactified heterotic string with the above 
KSEs of the toroidally compactified IIA superstring at each 77* with the following maps: 

ef -> e u , e~ -> e h 77* = 1, (37) 
e+ -> e u , ef -> e h 77* = -1, (38) 
v*Q% K ^Q%, v*p% f ^p%\ * = ±1, (39) 

where the quantities on the left of — > belong to the compactified IIA superstring, and the 
right quantities belong to the compactified heterotic string. The superscript, 1 and 2, of the 
charges from heterotic string indicates the origin, i.e., Kaluza-Klein gauge fields or two-form 
fields, respectively. 

In the case of heterotic string, which has Af = 1 in lOd and A^ = 4 in 4d, the KSEs 
relate the upper and lower components of the 4-d spinors which originate from the same 
10-d Majorana-Weyl spinor with a definite chirality. While in the case of IIA superstring, 
which has A^ = 2 in lOd and A^ = 8 in 4d, the KSEs expressed in terms of 4-d fields relate 
the upper(lower) components of the 4-d spinors which originate from a 10-d Majorana-Weyl 
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spinor of certain chirality to the lower(upper) components of spinors which originate from 
another 10-d Majorana-Wely spinor of opposite chirality. 

From (pop, non-zero {r]*Q,^ K + Q$ ) gives a spinor constraint of the form : E\ = 
—r]^r] + Y £ u- From fl36|), non-zero {P^ K + 77* P^ 7 ) gives a spinor constraint of the form : 
£i — —iV-l^w where rj± can be equal to +1 or —1. Therefore the maximum number of 
charges allowed by constraints on spinors is four, with one electric NK and one electric NF 
charge from the same compactified dimension, and one magnetic NK and one magnetic NF 
charge from another compactified dimension 0. Without loss of generality, we choose the 
non-zero charges to be: Pf K ,Pf F ,Q2 K ,Q2 F - Solving (|33|) to (|36|) , we get the fields: 



A 



+ r) p Pf K )(r + v*V P Pi NF )(r + V g Q? K )(r + V*V q Q$ F )\ 



R 



r + Vp P? K )(r + V*VpPD(r + r) q Q™){r + w q Q$ 



->NF 



2<f> 



NF\ 



r + r] p P^ K )(r + rj^r] p P{ 

L + VqQ2 K ) + V*VqQ2 F ) 



NF\ 



r + r] q Qq K ){r + r)*r) p P{ 
r + V*V q Q2* F )(r + VpPi NK ) 



NF^ 



r + V*r]pPl 
v r + r ]p P 1 NK 



NK 



r + y q Q 2 
r + %r] q Q 2 YF / 



e m = 1 > m = 3, ...,6, 



(40) 



10 We follow the same line of argument used in finding the generating solution for the supersym- 
metric, spherically symmetric solutions in Abelian Kaluza-Klein theory [29]. 
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The radial distance is defined such that the horizon is at r = 0. The 77s (i.e., 77+, ?7_, 77* ) can 
be equal to ±1. Note that we have dropped the bars on the internal metric components. 

This configuration has a 10-dimensional interpretation as a fundamental string lying 
within the solitonic 5-brane [23], and bounded with a magnetic monople. The string wraps 
around the 2nd toroidal direction and has non-zero winding number, thereby giving the 
charge, Q^ F ■ It carries a momentum and so provides the charge, Q^ K ■ The 5-brane wraps 
around the toroidal directions, (23456), and carries the charge, P^ F . The magnetic monople 
carries the charge, P± . 

For the spinor constraints, each non-zero magnetic charge (P^ K , Pi F , or both) and 
each non-zero electric charge (Q2 , Q2 > or both) respectively creates a constraint 

e« = iv P 7 l ^h e« = V*Vql 2 ^i- (41) 

Note that these constraints are expected from ( |3~^) with suitable definitions of the rjs. 
The mass of the black hole from fl4*0| ) is 

1 



M = - 
4 



(lf K + v*p? f ) + V + (Q? K + V.Q? F )] (42) 



The eight different combinations of 77s correspond to the positive and negative values of the 
four central charges [30] [31] : \Q R + P R \, \Q R - P R \, \Q L + P L \, \Ql - Pl\, where P RL = 
pNK _|_ pNF anc | q = ± Qy F '. Mass of a BPS state is equal to the maximum of the 
central charges, thus rjs have to be chosen to maximize the mass given by (|42|). Consequently 
there is no massless solution unless all charges vanish, i.e., no gauge or supersymmetry 
enhancement. This is in contrast with the case of iV = 4 heterotic string [16]. The difference 
is made by the extra freedom of maximizing the mass with 77* , which is a result of the N = 8 
sup er sy mmet ry. 

With three rjs and four non-zero charges, there always exists the possibility of getting a 
solution with naked singularity. For example, a configuration with the charges that satisfy 
the inequalities: P\ K P\ F , Q% K —Q^ F > 0, have all the 77s equal to one in order to 
maximize the mass. Therefore there is a naked singularity at r = — Q^ F from (|40|) . For a 
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regular solution (e.g., when all four charges are positive), the mass is equal to the sums of 
the four absolute values of the charges, i.e., 

m=\ {\p? k \ + \pn + m k \ + \Qr\) ■ (43) 

When only three or fewer NS-NS charges are non-zero, the three 77s are chosen in such a way 
that the mass is proportional to the sum of the absolute values of the charges. The horizon 
coincides with the singular surface of the black hole, and consequently the black hole has 
zero entropy. 

With the KSEs explicitly solved, we can study the pattern of supersymmetry breaking 
in detail 0. When four charges are non-zero, one has to fix 77* for consistency of the field 
equations, thereby set half of the spinor degree of freedom to zero. Supersymmetry is thus 
reduced by half. Each of the two spinor constraints in (]4Tf) reduces the (remaining) spinor 
degree of freedom by half. Thus only | (= Jj) of the original N = 8 supersymmetry is 
preserved. Same spinor constraints are obtained when only three charges are non-zero. 
Therefore the BPS-saturated states with four or three charges in the pure NS-NS sector 
preserve N = 1 supersymmetry Q. 

Consider the case with two charges only. If both charges are of the same type, i.e., both 
are electric or both are magnetic, 77* has to be fixed. But only one of the two constraints 



It is interesting to note that while the field equations are always continuous in the charges, the 
spinor constraints depend on charges discontiunously. The number of supersymmetry preserved 
depends on the number of non-zero charges, but not on the magnitudes of the charges. 

12 In the heterotic case [22], configurations with three to four non-zero charges also prserve N = 1 
supersymmetry, although the heterotic string only has N = 4 supersymmetry, which is just half of 
that of the IIA superstring in 4d. The difference between the two cases is indicated by the present 
of ry* in the IIA case. If 77* has to be fixed in order to get the physical mass, supersymmetry is 
reduced from N = 8 to N = 4. After that, the patterns of supersymmetry breaking for the two 
cases are essentially the same. 
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in (|4lD remains. Therefore N = 2(= 8 x ^) supersymmetry is preserved. When the two 
charges are of different types, e.g., only P^ K and Q^ K are non-zero, both constraints in (|4lD 
are present, but 77* does not need to be fixed. The configuration obtained by setting Pf F = 
qnf = in fl4"0|) can be considered as the solution of the KSEs with 77* = 1, i.e., (e u ,ei) = 
(ef,e~) as well as the solution of KSEs with 77* = — 1, i.e., (e u , Si) = (e^,ef). When 
the configuration is considered as the solution of the KSEs with either 77* = 1 or 77* = 
— 1 exclusively, we see that it preserves iV = 1(= 8 x | x ^) supersymmetry. Therefore 
the supersymmetry transformations of the gravitinos and modulinos in (fL3|) vanish for the 
two different choices of sets of Killing spinors corresponding to 77* = +1 and -1 with the 
bosonic background defined in (fRJ. Therefore the configuration preserves iV = 2(= 1 + 1) 
supersymmetry 0. 



When only one charge is non-zero, only one of the two constraints in (|41~|) remains, and 
77* need not be fixed. So the solution preserves iV = 4 ( = 8 x \ ) supersymmetry. 

In summary, we conclude that the specification of each of the 77s breaks \ of the (remain- 
ing) supersymmetry. In the case of only one non-zero charge, ~ of the supersymmetry is 
broken, as only r] p or 77^ need to be fixed (to maximize the mass), thus N = 4 is preserved. 
In the case of two non-zero charges, only ^ of supersymmetry is preserved, as we need to 
fix two 77s, i.e., 77* and VpiVq) if both charges are magnetic (electric), 77^ and r\ q if the charges 
are of different types. Therefore N = 2 supersymmetry is preserved. With three to four 
non-zero charges, all three 77s need to be fixed, and only ^ of supersymmetry is preserved, 
i.e., N=l. 

At this point, we try to find configurations that preserve | of the N = 8 supersymmetry. 
From supersymmetry algebra, one may conclude that if there exists p different combinations 
of 77s that give the same physical mass, which implies that there are p central charges coincide, 



13 If the non-zero charges include P± F or Q^ F \ we can redefine r\ v or rj g , respectively, to remove 
the dependence on 77 of the configuration. 
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then the corresponding configuration preserves N = p super symmetry. That is indeed true 
for the cases of p — 4, 2, 1. However, it is not true when p = 3. As an example, consider a 
configuration with the charges: (P? K , Pf F , Q$ K , Q$ F ) = (P, -P, Q, P), where Q > P > 0. 
Such charge assignment satisifies the inequalities: P + Q = Qr+Pr = Qr — Pr = Ql + Pl > 
(Ql — Pl) > 0, and leads to singular configurations. Correspondingly, three central charges 
coincide and are equal to the physical mass, M = P + Q. The three combinations of 77s that 
give the same physical mass are (r}*,r} q ,rjp) = (1, 1, 1), (1, 1, -1), and (-1, 1, 1), from (|42"|). 
Although these three sets of rj combinations give the same space-time metric from (fiOl), 
they have different internal metric fields, e\ and e|. Therefore they correspond to different 
configurations, even though they correspond to the same mass. After checking out all cases, 
we conclude that there is no solution (static, spherically symmetric, with no axion and off 
diagonal internal metric elements) that preserves | of the N = 8 supersymmetry 0. 



B. Ramond-Ramond sector 

In this section, we turn off all NS-NS charges, and solve the KSEs with non-zero RR 
charges. In principle, these solutions can be obtained by performing U-duality on solution 
with NS-NS charges only. However, by solving the KSEs explicitly, we can study the pattern 
of supersymmetry breaking associated with each of the non-zero RR charges. It also provides 
a way of verifying the D-brane [32]-[36] intersection rules [36] [37], at least in our chosen 
examples. 

, we find that the KSEs with e+ on the left hand side have 



From the KSEs, 



to (31 



Similar situation is found in the case of heterotic string. When the central charges vanish, we 
get massless black hole solutions [16]. We found two different singular configurations corresponding 
to the two different choices of (rj p ,rjq), i.e., rj q = r\ v or r\ q = —r\ v . Each of the two configurations 
preserves \ of the original N = 4 supersymmetry instead of one configuration preserving N = 2 
supersymmetry. 
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the same form as those with e~ on the left if we turn off the RR vector charges, Q RK and 
pRK Therefore we first consider the case when all NS-NS charges as well as the charges 
from RR vector field vanish (non-zero charges from RR vector field are considered in the 



following paragraphs). The KSEs, ( pB"D - ([H]), reduces to 

Ry/\(- In e m + l -a)'e ul = ]- (±P£f + zQ™ ) j mi e lu 



RVX (In A + a)' e ul = ± l -Pf^e lu 



Ry/X (In A - a)' e ul = -~Q,fl ij e lu , (44) 

where e u i = e ul , and = e\. There are two sets of consistent KSEs. One of them relates the 
upper and lower components of the spinors, e^i, which originate from the same 10-d spinor 
with positive chirality. The other set of KSEs relates the upper and lower components of 
spinors, e~ t , originate from another 10-d spinor with negative chirality. As these two sets of 
KSEs turn out to be identical (apart from the chiralities of the Killing spinors), we write 
both of them together with e u i = e ul . In [38], the Z 2 element of the U-duality group, 
which maps all the NS-NS gauge fields to RR gauge fields and vice versa for IIA superstring 
compactified on T 4 , was shown explicitly. The NS-NS charges of the configuration (|40[) 
considered in Section IIIA, i.e., Pj ArF , P\ K , Q^ K an d Q<i F > are mapped by the Z 2 element 
to the RR charges : Pu, -P34, Q23, Qu (up to signs) Q.With this charge assignment, the KSEs 
are explicitly solved and the solution is as follows: 

A 



[(r + r) 12 P l2 ){r + r] M P M )(r + r] 23 Q 23 )(r + 7] u Qia)] 1 



15 Another choice for non-zero RR charge assignment considered in [26] is : Qij , , where 
i ^ j / i So the corresponding field configuration can have only two non-zero independent 
charges. Other charges are related to these two by SO(6). Here we only look for configurations 
with maximum number of charges, i.e., four charges. 
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R=[(r + r] 12 P l2 )(r + rj u P u )(r + r] 23 Q 23 )(r + rj u QuP 



r + r}i 2 P 12 )(r + r] 23 Q 23 ) ~\ 4 
r + r] M p 34)(r + VuQu) . 

r + Vi 2 Pi 2 )(r + r] u Q u ) y 
r + ri 3i P 3A )(r + r] 23 Q 23 ) _ 

i 

r + r7 34 F34)(r + ?7 2 3 Q 2 3 ) 4 
r + r/i 2 Pi 2 )(r + 7714Q14). 

1 

r + r/ 34 F34)(r + 77i 4 Q 14 ) 4 

r + ^12^12) (r + /?23<523). 
[" (y + V23Q23){r + 77i 4 Qi 4 ) 

L (»* + 7712^12) (r + r] U P u ) 
where r}i 2 r] 3i = ^23^14, and a = lndete m . The dilaton does not run (i.e.tfi = 0) as it only 
couples to the NS-NS charges, as shown in the Lagrangian (|H]). Again we set the horizon 
to be at the origin of the radial direction. 

We can interprete the above configuration in terms of D-branes, which are the RR charge 
carriers [32]. The configuration (fI5D corresponds to the intersection of two D-2-branes and 
two D-4-branes (i.e. ,2 _L 2 _L 4 _L 4) 0. The two electric charges, Q23 and Qu, are carried 
by two D-2-branes wrapping around the compactified toroidal directions (23) and (14), 
respectively [38]. The magnetic charges, P\ 2 and P34, are carried by two D-4-branes wrapping 
around the toroidal directions (3456) and (1256), respectively. With these identification for 
the directions of the D-branes, we can verify the D-brane intersection rules [36]. The two 

16 The configuration can also be interpreted as the intersection of two 2-branes and two 5-branes 
(i.e. ,2 _L 2 _L 5 _L 5) in 11-d, i.e., as configuration from intersecting M-branes [39]-[43]. Each of 
the two M-5-branes is parallel to the 11th dimension, while the two M-2-branes are orthogonal to 
it. 

24 



ei = 



e 2 = 



e 3 = 



e 4 = 



(45) 



D-2-branes intersect each other at a point (the origin), while the two D-4-branes intersect 
each other at a D-2-brane (i.e., (56)). Each of the D-2-branes intersect each of the D-4- 
branes on a D-l-brane, (i.e., (23) intersects (3456) and (1256) on (3) and (2) respectively, 
(14) intersects (3456) and (1256) on (4) and (1) respectively). The four D-branes intersect 
at a point (the origin). 

Each non-zero charge, Pi 2 , P34, Qw, Q23, creates a spinor constraint, 

e u = Vi2j 12 £i, £u = V34,7 U £i, £ u = ir]iA^ l ei, e u = -ir] 2 3^ 23 ei, (46) 

respectively, with ^12^34 = ^723^714- Again, it is the same as expected from fl3~2"l) . There are 
only three independent constraints in (f46|). 
The mass of the black hole is 

M = \ {rftlPn + ^34^34 + ^23<523 + VuQu) ■ (47) 

In addition to the relation: 7712^34 = ??23??i4, the 77s are also required to be chosen in such 
a way that the right hand side is maximized, which is then equal to the physical mass. 
That guarantees no massless solutions. Like the NS-NS case, a solution with three 77s and 
four charges can be singular with certain types of charge assignment (e.g.,P\2, P34, Q23 3> 
—Qu > 0). For regular solutions (e.g.,P\2, P34, Q23) Qu > 0), the mass formular can be 
replaced by 

M = i (|P 12 | + |P 34 | + IQ23I + \Qu\) ■ (48) 

For configurations with three charges or fewer, the three i]s are enough to make the 
corresponding mass proportional to the sum of the absolute values of the charges. They 
have zero entropies, with the horizons coincide with the singular surfaces. 

We study the pattern of supersymmetry breaking with our assumptions of zero charges 
from NS-NS fields and the RR vector field in this paragraph. If three to four charges 
are non-zero, we have three independent spinor constraints from (0). Each reduces the 
spinor degree of freedom by half. Consequently the solution preserves iV = 1(= 8 x p-) 
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super symmetry. With only two non-zero charges, two of the spinor constraints from fl46|) 
survive, resulting in a configuration with iV = 2 (= 8 x ^) supersymmetry. With just one 
non-zero charge, the configuration preserves N = 4 (= 8 x 1) supersymmetry, as only one 
of the spinor constraints in ([RJ) survives. 

It is interesting to check whether BPS-saturated states obtained by solving KSEs in RR 
sector under our working assumptions (i.e., spherical symmetric, static, only have scalars 
fields from dilaton and the diagonal internal metric, and zero charges from RR vector) can 
have more than four charges without referring to U-duality. As each magnetic charge leads 
to constraint of the form, e u = rjijj^ei, while each electric charge creates constraint of the 
form, e u = i^ijj^ei, we cannot have electric and magnetic charges with the same indices. 
Suppose we add the fifth charge P 13 . The two spinor constraints from P 13 and P\2 imply that 
e u has to be an egienvector of 7 23 . But 7 23 does not commute with 7 13 (from (|46|), e u has 
to be an eigenvector of 7 13 ), therefore it results in imcompatible spinor constraints. Finally, 
if we add P56, no such imcompatibility occurs, but the resulting configuration would over- 
constrain the spinor, i.e., it only has two spinor degree of freedom. That is because the spinor 
constraint associated with P^q is not derivable from ([5]), and so there are four independent 
spinor constraints, thereby reducing the supersymmetry by a factor of ^. Similarly it is 
also impossible to add a fifth electric charge to the solution (^) consistently. Therefore, 
the BPS-saturated black hole solutions can at most have four non-zero charges from the 
Ramond-Ramond three-form fields. 

1. T-dual configurations 

The above configuration (£5^), corresponding to the intersecting D-brane configuration: 
2 _L 2 _L 4 _L 4, is T-dual to a more symmetrical configuration [37] corresponding to the 
intersection of one D-O-brane and three D-4-branes, i.e., 14 14 14. By perform- 
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ing T-duality transformations Q on the 2nd and 3rd toroidal directions, the D-branes : 
(23), (14), (3456), (1256), are mapped to the D-branes : (), (1234), (2456), (1356). They carry 
the charges: Q RK , -P56, -P13, and F24, respectively. Again, the intersection rule is clearly 
verified. Each of the D-4-brane intersects another D-4-brane on a D-2-brane (i.e., (1234) 
intersects (2456) at (24), (2456) intersects (1356) at (56), (1234) intersects (1356) at (13)). 
The three D-2-branes intersect at a point, which couples to the 0-brane. As the particular 
element of the T-duality group that relates the above two configurations does not map a 
configuration with a diagonal internal metric and zero axion to a configuration with non- 
diagonal internal metric and non-zero axion [44], the configuration corresponding to the 
D-brane intersection : _L 4 _L 4 _L 4, should also be a solution of our KSEs. 

We have explicitly solved the KSEs with the charge assignment: (Q RK , P^e, P13, P24,)- 
The space-time metric, A, has the expected form: 

A = - r (49) 

[{r + mPn)ir + r] 2A P 2A ){r + r] bQ P m )(r + r] q Q RK )}* 

where rj q is fixed by the spinor constraints. They are : 

e« = mi 13 £l, £u = ri2l 2A e h e u = r]^ m e h e u = irj e rj g ei. (50) 
where r\ e = ±1 for e = e ± . These constraints agree with fl3~2"|). These constraints are not 



independent. They associate with the non-zero charges, P13, P24, P56 and Q RK , respectively. 
Using the fact that 7 13 7 24 7 56 = — 7 7 , and the relations given in Section IIIB : 7 7 e ± = ±ie ± , 
we find rjg = T/iTfe^S) and hence there are only three independent spinor constraints in (|50"|). 
Therefore the above solution contains three independent 77s, and preserves iV = 1(= 8 x ^) 
super symmetry. 

An observation about the electric charge from RR vector field is made. From KSEs view 
point, it is the only charge that can couple to the three RR magnetic charges, Pi 3 , P 2 4, -P56, 



17 Not the general T-duality transformations. We only consider the particular element of the 
T-duality group that inverse the radius of the corresponding compactified toroidal dimension. 
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in a supersymmetric black hole solution. Any additional RR charges originate from the RR 
three-form fields would over-constrain the spinor, as has been discussed previously. The 
magnetic RR vector charge, P RK , can not replace Q RK consistently because the associated 
spinor constraint is not consistent with those in flSUp. On the other hand, from the D-brane 
view point, only the electric D-O-brane can couple consistently with the three intersecting 
magnetic D-4-branes. Each pair of the D-4-branes intersect at a D-2-brane, and the resulting 
three D-2-branes can only intersect at a point which can only couple to a D-O-brane. The 
D-O-brane can only carry the electric charge from RR vector, as it has no index. Therefore 
the KSEs' method provides a consistency check of the intersection rule of D-branes in this 
case. 

There is yet another configuration related to the above two configurations by T- 
duality. By doing T-duality on the 5th and 6th toroidal directions, the configuration: 
(),(1234), (2456), (1356), is tranformed to: (56), (123456), (24), (13), which carry the charges: 
Q 56 , P RK \Q24, and Qi 3 , respectively. This configuration corresponds to an intersecting D- 
brane configuration in which three intersecting D-2-branes are all contained in a D-6-brane. 

The spinor constraints of the configuration associated with Q 13 , Q 2 4 5 Q$6, P RK , respec- 
tively, are the following: 

£ u = iVnl 13 £i, £u = iV24^ M £i, £u = iVwl 56£ i, £ u = -VeVp £ i- (51) 

where rj e = ±1 for e = e ± . These constranits agree with fl3~2"|). Like the previous case, 
only three independent spinor constraints are in ([51]), and rj p = rji 772^5 • The configuration 
preserves N = 1(= 8 x ^) supersymmetry. 

C. Configurations with both NS-NS and RR charges 

As each NS-NS charge relates the the two-component spinors e ul to ef u) and each RR 
charge relates e ul to e lu , therefore a configuration with both NS-NS charge (s) and RR 
charge(s) necessarily involve all the four types of two-component spinors, i.e., £+,£+, e~, 
and ej . 
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We can consider the relations between the two- component spinors associated with a 
configuration with both NS-NS charges and RR charges as follows. Starting with e+, the 
NS-NS charges relate them with ef by the associated spinor constraints from fl32|), and the 
RR charges relate ef to ef with the appropriate spinor constraints from (0). In the same 
way, we can start with e~ and put down their relations with ef and ef from the spinor 
constraints associated with the NS-NS charges and RR charges. These two sets of relations 
on the spinors, one starts with ef, the other starts with e~, has to be consistent. We thus 
get a necessary condition of getting consistent KSEs involving both NS-NS charges and RR 
charges. 

We are going to find a configuration with Pftf , Q^f , Pf fK , and Q$ K . Unlike the previous 
two Sections, we discuss the spinor constraints in detail before giving the field configurations 
in order to illustrate the above mentioned criteria for getting consistent KSEs when both 
NS-NS charge(s) and RR charge(s) are non-zero. 



Starting with ef, we get the following spinor constraints from (|32| ) associated with the 
charges: Pf% F , Q§f , Pf K , and Q$ K , respectively: 

4 = 77i27 X V> 4 = ~^237 2 V > 4 = ^17^ 4 = -7737V > ( 52 ) 

with the relation: 771773 = 7/127723. These four spinor constraints are not independent. One of 
the two constraints from the NS-NS (RR) charges can be derived from the two constraints 
from the RR (NS-NS) charges. 

We can also start with e~, and obtain the following spinor constraints from ([32]): 

e« = Vi2l 12 sY, ef = -ir] 23 j 23 ef, e~ = m^ef, e~ = -r]^ef. (53) 



These two sets of spinor constraints, (0) and (|53D, are consistent with each other. Therefore, 



we can just consider that the spinors, £+, ef, ef are related by (|52|), and e^ is given by the 
first relation in ( |53D for consistency. Note that the spinor constraints, ( |52"D and (p3|), are the 
same as what we find after solving the KSEs explicitly. 

With only non-zero NK fields and RF fields, the KSEs, (^) to (§Tj), are reduced to the 
following form: 
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Ry/X{- In e m + + ~o)'e% = - [(=fQ 



NK :Tim \ _,m 



<PSfjf ) 7 m ^ + (±P*f + «Q&) 7™4 



(54) 



+ = ~ (±Pf + zQf ) 7 ^ 



(55) 



i?v/A (In A - a)' 4 = T QfV^ - ~Qf 7^ 



(56) 



tfv/A (In A + a)' 4 = zPf ± ^7^4, 



(57) 



The fact that the KSEs with 4 on the left of the equalities have identical forms with those 
KSEs with e~ t on the left hand side is the reason that we choose the charges with non-zero 
NK fields and RF fields at the beginning. 

Solving the KSEs, (H to fl57|), with the charges: Pf K , Q$ K , Pg F , and Qgf , we get the 
following solution: 

X 



[(r + rnPi)(r + 7712P12) {r + mQ 3 ){r + V23Q23)} 



R=[{r + mPi)(r + Vi2Pn){r + mQs)(r + 7723 Q 23 )] ! 



,20 



r + rjiPi 
r + V3Q3 



ei 



(r + ?7i 2 Pi 2 )(r + 77 23 Q 23 ) 
(r + r/iPi) 2 



e 2 



r + 77x2 P] 



12 



»" + ^23^23 



e 3 



[r + r] 12 P 12 )(r + r) 23 Q 23 ) 



1,5,6 



r + t?23 Q23 
r + rji 2 P 12 



(58) 
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where 771773 = r] 12 r]23 ■ 

Like the configurations discussed in the previous two sections, the above configuration 
has a 10-d interpretation. It corresponds to a bound state between a magentic monople 
with charge P^ K , a D-2-brane (with charge Q 23 ), a D-4-brane (with charge Pf^f), and a 
fundamental string (with charge ) which lies on the intersection of the two D-branes 
and carries a momentum. Upon compactification, the D-2-brane wraps around the toroidal 
directions, (23), while the D-4-brane wraps on (3456). Bound states of fundamental string 
and D-branes have been studied in [45] [46]. 

The mass of the black hole is 

M = - foPi + VsQs + r} l2 Qi2 + 7723Q23) , (59) 

where 771773 = 77127/23- Like previous cases, the 77s are chosen to maximize the above quantity, 
which would then be the physical mass. A configuration with four non-zero charges can 
be either singular (e.g., P x , Q 23 , P12 > -Q3 > 0) or regular (e.g., P u P 12 , Q 3 , Q23 > 0), 
depending on the charges. Mass formular of the regular solution is 

M = i(|Pi| + |P 12 | + |Q 3 | + |Q23|). (60) 

For a configuration with three charges or less, the three 77s are chosen such that the mass 
is equal to the sum of the absolute values of the charges. The corresponding black hole has 
zero entropy, and its horizon coincides with the singular surface. 

Now we consider the pattern of supersymmetry breaking. For convenience, we choose 
to consider the constraints in ([52]), which relate ef with ef and ef , and the first constraint 
in (|53|), which relate e~ with ef . The two RR constraints determine ef from e+, and force 

to be an eigenvector of 7 13 . Therefore, there are only four spinor degree of freedom left 
from the 16 spinor degree of freedom contained in ef and ef. The two NS-NS constraints 
determine e\ from ef, and require ef to be an eigenvector of 7 13 , again. Therefore, the four 
spinor constraints in ( |52| ) contain one redundant constraints, and imply a relation between 
the 77s, i.e., 771773 = 77127723. No spinor degree of freedom are available from e~, as it is fixed 
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by the first constraint in (|53|) for consistency. Therefore, out of the 32 spinor degree of 
freedom contained in and e~, only four is unconstrained. Hence the configuration 

preserves N — 1 supersymmetry. 

We can also find the number of supersymmetry preserved by considering the number of 
independent 77s, like the previous Sections. After all, fixing an rj implies half of the (remain- 
ing) supersymmetry is broken by a certain spinor constraint described in (p2]). Therefore, 
a configuration with three (two RR charges and one NS-NS charges, or vice versa) or four 
charges (two from each sector) preserves N = 1 (=8 x^-) supersymmetry, as each of the 
three spinor constraints associated with the fixing of the three 77s reduce half of the (remain- 
ing) spinor degree of freedom. A configuration with two non-zero charges has two spinor 
constraints, therefore preserves iV = 2(= 8 x ^) supersymmetry. A configuration with 
only one non-zero charge has one spinor constraint, therefore preserves N = 4(= 8 x |) 
supersymmetry. 

From the previous two subsections, IIIA and IIIB, we conclude that there has no config- 
uration with three or more NS-NS (RR) charges, while still contain at least one RR (NS-NS) 
charge. That is because three NS-NS (RR) charges already reduce the supersymmetry from 
N = 8 to N = 1. Further constraint from a RR (NS-NS) charge would over-constrain the 
spinor, as the spinor constraint from a NS-NS charge has the form : e\ = C\^ l e u , while that 
from RR charge is : E\ = C2 r J^s u for some complex numbers Cj, and therefore a NS-NS 
constraint can never be derivable from pure RR constraints, and vice versa. 

1. T-dual configurations 

In this subsection, we study the two configurations which are T-dual to the configuration, 
(|58|). Recall that the above solution, with charges: Pf K , Q^f, Pyf an d Q% K ' , corresponds to 
a bound state of a magnetic monopole, a D-2-brane wrapping around the toroidal dimensions 
(23), a D-4-brane wrapping around the toroidal dimensions (3456), and a fundamental string 
lying on the intersection of the two D-branes, i.e., the 3rd toroidal dimension, and carries a 



32 



momentum. To get the first T-dual configuration, we act on the first configuration, which 
we obtain by explicitly solving the KSEs, with two T-duality transformations on the 2nd 
and 3rd toroidal dimensions. The new configuration then correspond to the bound state of a 
magnetic monopole, a D-O-brane, a D-4-brane wrapping around (2456), and a fundamental 
string which carries no momentum but has a non-zero winding number on the 3rd toroidal 
dimension. The D-4-brane, the string, and the toroidal direction associated with the gauge 
field of the monopole, are orthogonal to each other. The corresponding charge configuration 
is: P? K ,Q RK ,P RF and Q 3 F . 



We solve the KSEs, @ to (gj), with the above charges, i.e., Pf K , Q RK , Pf/ and Q 



NF 
3 • 



The spinor constraints associated with these charges respectively are: 

£+ = ZT7i7V> £u =i Vq£t, ^u=Vi3l 13 et, 4 = WyV; (61) 

there are only three independent spinor constraints, and the 77s satisfy: T]iT] 3 = r] q r)i 3 . By 
including the constraint: e~ = irji^ef, we get a set of consistent spinor constraints relat- 
ing all the four different types of two-component spinors. As before, the constraints flBTD, 
which we obtain by explicitly solving the KSEs, is the same as expected from (^). The 
configuration preserves N = 1 supersymmetry. 

This second configuration, with charges P^ K ,Q RK , P^ F and Q 3 F , was studied in [47], 
where the Bekenstein-Hawking entropy of the corresponding black hole is shown to coincide 
with the degeneracy of the corresponding stringy states. 

We can get a third configuration which is T-dual to the above one by acting on the 
above configuration with T-duality transformation on the 1st and 3rd toroidal directions. 
The resulting configuration corresponds to the bound state of a solitonic 5-brane wrapping 
around (23456), a D-2-brane wrapping around (13), a D-6-brane wrapping on the full torus, 
T 6 , and a fundamental string lying on the intersection of the solitonic 5-brane and the D-2- 
brane and carries a momentum. These constituents of the bound state carry the respective 
charges: Pi , Q\f, P and Q% K ■ The spinor constraints with these charges are consistent. 
The charge constraints associated with the above charges respectively are: 
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4 = iW^i . 4 = z?7i37 13 ^ + , 4 = -^4; 4 = ??37 3 ^ , (62) 

where 7/3,7713 = 771%, and there are only three independent spinor constraints among the 
four in fl62|) . For the consistency of the KSEs, we need the additional constraint on s~: 
£ u = Vp £ T- This configuration preserves N — 1 supersymmetry. It has been studied in [40] 
and [48]. 

We would like to conclude this section by recalling from Section IIIC that one interesting 
implication of the spinor constraints stated in (|32]) is that there is no state with both P RK 
and P NK , or both P RK and Q NF , under our assumptions of spherical symmetry, time- 
independence, and only the dilaton and the diagonal internal metric elements are non-zero 
among the scalar fields. In terms of bound states of objects in string theory, that means 
that there is no bound state between a D-6-brane and a monopole, and also no bound state 
between a D-6-brane and a fundamental string with non-zero winding number, under our 
assumptions. 

V. CONCLUSION 

In this paper, we found a class of BPS-saturated black hole solutions of the low enery 
effective supergravity Lagrangian of toroidally compactified IIA superstring in four dimen- 
sions. We solved the Killing spinor equations (KSEs) explicitly under the assumptions of 
time-independence, spherical symmetry, and have turned off all the scalar fields except the 
dilaton and the diagonal internal metric elements. We find a set of spinor constraints asso- 
ciated with the different types of charges. In all the configurations considered in this paper, 
these rules were explicitly obtained by solving the corresponding KSEs. They governed the 
patterns of supersymmetry breaking. 

The solutions in general could carry no more than four charges under the assumptions 
stated above Q. Configurations with three to four non-zero charges preserved N = 1 su- 



We expect to find solutions with five independent charges when our assumptions are relaxed 
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persymmetry. Those with two charges preserved N = 2 supersymmetry, and configurations 
with one charges only preserved N = 4 supersymmetry. We found no solutions that pre- 
served | of the N = 8 supersymmetry. Configurations with four non-zero charges might or 
might not be singular, depending on the signature of the charges. The mass of a black hole 
with no naked singularity was proportional to the sum of the absolute values of the charges, 
and it had non-zero entropy. Solutions with fewer than four charges had zero entropies, with 
the horizons coincided with the singular surfaces. Their masses were also proportional to 
the sum of the absolute values of their charges. 

There are three different types of solutions differentiated by the origin of their charges. 
They are the configurations with Neveu-Schwarz-Neveu-Schwarz charges only, configura- 
tions with Ramond-Ramond charges only, and the configurations with both Neveu-Schwarz- 
Neveu-Schwarz charges and Ramond-Ramond charges. 

In the first case, we solved the KSEs with non-zero Neveu-Schwarz-Neveu-Schwarz 
charges only. The KSEs have the same structure of the KSEs of the toroidally compactified 
heterotic string [22]. The KSEs for IIA superstring related the upper (lower) components of 
the spinors, which originate from a ten dimensional spinor with a particular chirality, to the 
lower (upper) components of other spinors, which originate from the other ten dimensional 
spinor with opposite chirality. We explicitly gave the map that related the spinors and 
charges from the compactified IIA superstring to that of the compactified heterotic string. 
With this map, we can reproduce the KSEs of the heterotic string from that of the IIA 
superstring. 

In the second case, we solved the KSEs with Ramond-Ramond charges only. The con- 
figuration, which was U-dual to the Neveu-Schwarz-Neveu-Schwarz configuration found pre- 



[31]. The most general dyonic BPS-saturated black hole solutions are expected to be obtained by 
performing U-duality on the solutions with five independent charges, i.e., they are the generating 
solutions. It is in complete analogy with the case of heterotic string [24]. 
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viously, was explicitly obtained. It corresponded to the intersecting D-brane configuration 
with two D-2-branes and two D-4-branes. The T-dual configurations, one corresponded to 
the intersection of a D-O-brane and three D-4-branes, and one corresponded to a D-6-brane 
containing three intersecting D-2-branes, were also shown to be solutions of the KSEs. We 
studied the corresponding pattern of supersymmetry breaking. The intersection rules [36] 
of the D-branes, which were defined in terms of individual D-brane, each of which carried 
only one unit of charge, were verified with the classical configurations which may contain 
very large charges. 

In the final case, we solved KSEs with both Neveu-Schwarz-Neveu-Schwarz charges and 
Ramond-Ramond charges. We found three different solutions. Each contains two NS-NS 
charges and two RR charges, and is related to the others by T-duality. The first solution 
corresponded to a bound state of a monopole, a D-2-brane, a D-4-brane and a fundamental 
string which lies on the intersection of the two D-branes, and carries a momentum. The 
second corresponded to a bound state of a monopole, a D-O-brane, a D-4-brane, and a 
fundamental string with non-zero winding number [47]. The D-4-brane, the fundamental 
string, and the toroidal direction associated with the gauge field that supported the charge of 
the magnetic monopole, are orthogonal to each other. The third configuration corresponded 
to a bound state of the solitonic 5-brane, a D-6-brane, a D-2-brane, and a fundamental 
string which lies on the intersection of the D-2-brane and the solitonic 5-brane and carries 
a momentum [40] [48]. 
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VII. APPENDIX 



In this Appendix, we consider the Majorana condition and the Weyl condition on a 
spinor, Ed (d = 10, 11), in ten dimensions and in eleven dimensions. The d dimensional 
Lorentz group is considered as a direct product of the four-dimensional Lorentz group and 
the six or seven dimensional rotation group in lOd and lid, respectively. 

When the d-dimensional Lorentz group is decomposed as follows : 

SO(l, d- £0(1,3)® SO{d -4), (63) 
the corresponding 7 matrixes can be taken as 

T a = 7 a ® /, r a = 7 5 <g> 7 a , (64) 

where a = 0, 1, 2, 3, and a = l,...,d-4, as defined previously in Section III. The spinor can 
then be labelled by two indices, £^' m , where a is the index for the spinor representation of 
5*0(1, 3) and m is the index for the spinor representation of SO(d — 4). 
A d-dimensional spinor, Ed, is Majorana if it satisfies : 

e d = e T d C d , (65) 

where 

s d = 4r°, (66) 

and the d-dimensional charge conjuation matrix, d, satisfies 

QW," 1 = -r^ T , // = 0, 1, (d - 1). (67) 

Under the reduction fl6~3|), and with the representation chosen for the T matrixes (|64|), 
Cd can be written ClS db direct product: 

C d = 4 ® C d -4. (68) 
However, as 7 5 satisfies the relation: 
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7 5T = CrfCl\ (69) 

and 7 a is antisymmetric for all a = 1, 2, (d — 4), we find that given by fl68|) with 
Cd-i = Ids satisfies fl6~7l) . As r° = 7 <g> 1^-4, we see that imposing the Majorana condition 
on the d-dimensional spinor, £^' m , is equivalent of imposing the Majorana condition only on 
the spinor representation labelled by the index a of the 4-d Lorentz group, 50(1, 3). 

We now consider en and £10 seperately. Only Majorana condition can be imposed on the 
11-d spinor, en- That is because Majorana condition and Weyl condition are imcompactible 
in 4-d and so we can only impose Majorana condition on the 4-d spinor representation 
labelled by a. We cannot impose Weyl condition on the spinor representation labelled by 
m, as no Weyl condition can be imposed on the spinor representation of 50(7). Therefore 
the 11-d spinor can only be Majorana and have 32 real components. On the other hand, we 
can impose Majorana condition on £10 by imposing Majorana condition on the 4-d spinor 
representation labelled by a, and also impose Weyl condition on the spinor representation of 
50(6) labelled by m, by choosing the spinor to be an eigenvector of 7 7 (= 7 1 x r y 2 x .... x 7 s ). 
Therefore the 10-d spinor can be both Majorana and Weyl and have 16 spinor degree of 
freedom. 
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